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+ Random Process
- Stationary: &éf'luilasu

- Ergodic: Ensemble Average=Time
Average

- Autocorrelation
- Cross Correlation

oh
» Counting Process
- MarKov Process

\




Discrete-Time Random
Process
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- 2. AEUNTLeaN Summation
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» Counting Process

» Birth and Death Process
» Poisson Process

* MarKov Process

» MarKov Chain
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Counting Process
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Poisson Process
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Poisson Process
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Poisson Process
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Birth and Death Process

5.6 Birth-and-Death Process
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State Diagram
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MarKov Process and Markov Chain
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Markov Process and Markov Chain ()
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MarKov Chain
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Discrete Time Markov Chain
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Discrete Time Markov Chain
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Discrete Time Markov Chain
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Discrete Time Markov Chain
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Discrete Time Markov Chain
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Discrete Time Markov Chain
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Discrete Time Markov Chain
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Discrete Time Markov Chain
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§91 MarKov Chain
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Detailed Balance Equation:
Simple MarKov Chain
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Markov Chain(Detailed Bal Eq)
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Example

— 1. 2911 Transition Matrix

Po Pn Pn Py] [05 03 0 02
Po P. P, Ps| [01 08 01 O
Po Pn Pn Py| |01 01 06 0.2
Po Py Py, Pyl | O 02 02 06




Example

— 2. AL State Probability

05 03 0 02
0.1 08 01 0
0.1 01 0.6 02
0 02 02 06




Example

— 2. AL State Probability

05 03 0 02
0.1 08 01 0
0.1 01 0.6 02
0 02 02 06

p0+pl+p2+p3=1.0

Global Balanced Equation :

P; iji = Zpipij

i=0,i] i=0,i]




Example

— 2. AL State Probability

05 03 0 02
0.1 08 01 0
0.1 01 0.6 02
0 02 02 06

Po + P+ P, +P; =1.0

Global Balanced Equation :

P; iji = Zpipij

i=0,i] i=0,i]

po[P01 + Poz + P03] — p1Plo + P, on + p3P3o




Example

— 2. AL State Probability

05 03 0 02
0.1 08 01 0
0.1 01 0.6 02
0 02 02 06

PolPos + Poz + Pos] = PP + PPy + P35 Py
P, :Plo + P12 + P13] = Py I:)01 + p2P21 + P P31
P, :on + P21 + P23] = Pg Poz + p1P12 + P P32

Ps[Py + Py + Pyl = PP + P1Pis + P, Pos




Example

— 2. AL State Probability

05 03 0 02
0.1 08 01 0
0.1 01 0.6 02
0 02 02 06

Global Balanced Equation :
P,[0.3+0+0.2]=0.1p, +0.1p, +0.p,

pjizéf’ji - i:;jpﬂ p,[0.1+0.1+0]=0.3p, +0.1p, +0.2p,
p,[0.1+0.1+0.2] =0.p, +0.1p, +0.2p,
P,[0+0.2+0.2]=0.2p, +0.p, +0.2p,




Example

— 2. AL State Probability

05 03 0 02
0.1 08 01 0
0.1 01 0.6 02
0 02 02 06

Global Balanced Equation :

o © -0.5p, +0.1p, +0.1p, =0

: P. = P.
plizoz,i;j j izoz,;;jp' i 0.3p,—0.2p, +0.1p, +0.2p, =0
0.1p,-0.4p,+0.2p, =0
0.2p, +0.2p,-0.4p, =0

Homogeneous Linear EQ. &wudannslald



Example

— 2. AL State Probability

05 03 0 02
0.1 08 01 0
0.1 01 0.6 02
0 02 02 06

-0.5p, +0.1p, +0.1p, =0
0.3p,-0.2p, +0.1p, +0.2p, =0
0.1p, -0.4p,+0.2p, =0

Po +P +P, +Pp;=10

gaviIaun1sii 4 s laiana + 5a 3 aunrsaslsAla
aun1s Non Homogeneous System of Linear Equation
unlalaais Elimination agla Unigue Solution




Example

— 2. AL State Probability

05 03 0 02
0.1 08 01 O
0.1 01 06 0.2
0 02 02 06

—0.5p, +0.1p, +0.1p, = -05 01 01 O |p, 0
0.3p,-0.2p,+0.1p, +0.2p, =0 . 03 -02 01 02| p, 0
0.1p,-0.4p,+0.2p, =0 0 0.1 -04 02} p, 0

Py +P +p, +p;=10 1 1 1 11 ps 1

Non Homogeneous System of Linear Equation
unlalaads Elimination agla Unique Solution
Algorithm Tun15uA&uN15 3AR1IN1L KA




Example

— 2. AL State Probability

05 03 0 02
0.1 08 01 0
0.1 01 0.6 02
0 02 02 06

—0.5p, +0.1p, +0.1p, =0 (1
0.3p,—0.2p,+0.1p, +0.2p, =0 (2) (4)-5%x(2): -05p,+2p,+0.5p,=1 (5)

0.1p,-0.4p,+0.2p, =0 (3) (4)-5x(3): P, +0.5p, +3p, =1 (6)
0, +p +p, +p,=10 (4 31aun17A(1),(5),(6) 15216
-0.5p,+0.1p,+0.1p, =0 (D)
-0.5p,+2p, +0.5p,=1 (5

P, +0.5p, + 3p,=1 (6)




Example

— 2. AL State Probability

05 03 0 02
0.1 08 01 0
0.1 01 0.6 02
0 02 02 06

-0.5p,+0.1p,+0.1p, =0 (1)
-05p,+2p, +05p,=1 (5
po+0-5p1 + 3p2:1 (6)

6)+2x@): 0.7p,+3.2p, =1 (7)
(6)+2x(5): 4.5p,+ 4p,=3 (8)

4.5 4.5 4.5
-2 (7): (4-232)p, =3——=
(®) 0.7() ( 0.7 )P 0.7

_3.4285714

D, = = 0.2069
~16.57142857




Example

— 2. AL State Probability

05 03 0 02
0.1 08 01 0
0.1 01 0.6 02
0 02 02 06

1-3.2p,

From(7):p, = =0.4828

From(1): p, =0.1379
From(4): p, =0.1724

aun1s System of Linear Equation ualalaeis Elimination

p, = 0.1379, p, = 0.4828, p, = 0.2069, p, = 0.1724




Example: Simple MarKov

« MarKov Chain waagael Markov Model
GFIVRNERN
- 1. 2911 Transition Matrix

- 2. 1A Transition Matrix 3sA1uIUMN
State Probability

ONCRSBomS
Sy

\




Example: Simple MarKov

* Transition Matrix

.] [05 05 0 0 0
01 08 01 0 O
0 02 05 03 0
0 0 02 06 02
0 0 0 06 04]

aO 11 12 ,3

[}
=
)
‘w
~

Lo
« I
N

L
£ I

I
1
o

.0 S0 JU U U
N
w
IS
I

=
=
N
w
~




Example: Simple MarKov

- State Probabili

_PO,O PO,l PO,Z I:)0 3 I:)0,4_ _05 05 O O O 1
Po P R, PR; R,| |01 08 01 0 O
P=|P, P, P, P; P,|=/0 02 05 03 0
Po P P, P; Py, 0O 0 02 06 02
_P4,0 I:)4,1 P4,2 P43 I:)44_ _0 0 0 0.6 0-4_

Detailed Balance Equation : p,B ; = p;P;

po 01— pl 1,0 O-5po :O'lpl or p :5po
= ) PP 12 = p,P. 21 _ 0.1p, =0.2p, 0r p, =0.5p, =2.5p,
pz 23 — p3 3,2 0.3 P, = O.2p3 or p; :1-5p2 =3.75 Po
PP, =pPsPs  0.2p,=0.6p,0rp,=4p,=125p,




Example: Simple MarKov

- State Probability
Detailed Balance Equation : p,P ; = p;P;

pOPO,l = p,F 1,0 0.5p, =0.1p, or p, =5p,

p1P12 = p,P 21 _ 0.1p,=0.2p, 0r p, =0.59p, =2.5p,
p,P 23~ = ;P 52 0.3p,=0.2p;0r p;=1.5p, =3.75p,
p3 3,4 — p4 4,3 0-2p320-6p40r p4:%p3:1-25p0

From Po+ P+ P+ Ps+ P, =1
Po +5pP, +2.5p, +3.75p, +1.25p, =1
Pl+5+25+3.75+1.25] =1
“p, =0.074074 then
p, =0.37037, p, =0.185185, p, =0.277778, p, =0.0925




Example: Simple MarKov

- State Probability

Detailed Balance Equation : p;P,

pOPO,l - plpl,O
p1P12 - pz 2.1
pz 23 — ps 3,2

p3 34 p4 4,3

0.1p,

0.5p, =

From p,+p +p,+ P+ P, =1

0.5p,
0.1p,

—0.1p, =0
-0.2p, =0
0.3p,-0.2p,=0
0.2p,—-0.6p, =0

on+p1+p2+p3+p4:1
e o

05 -0.1
0 01
0 0
0 0
1 1

= P;P,

0.1p, or p, ~5p,

=0.2p,or p, =0.5p, =2.5p,
p—

0.3p,=0.2p;0r p, =1.5p, =3.75p,
0.2p,=0.6p,0r p, =%

P, =1.25p,

12i38uae Matrix

0 0 0
-02 O 0
03 -02 O
0 0.2 -0.6
1 1 1

Po
P
P,
Ps
P4

b O O O O




End of Chapter 5

* Chapter 6
- Introduction to Queuing Theory

* Homework Chapter 5 Download

- UM Correlation uay Stationary RP uas
n1512 Global/Detailed Balance Equation
u MarKov Chain
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Topics

» Birth and Death Process
» Unlimited Server

* N Servers

+ Single Server, M/M/1

»+ Kendal Notation

» Applications

A@‘
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System

- szuudsenauaie Input way Output

- WANsasTuuUNniiniIsliiuanis(Service) un
anA (Customer)

- anAdnuTussuuNazasuusnis (Input)
- szuudl Resource Nannatun1stvusnig

- anA Wa'ldduusnisual aan'ludannszuu
(Output)

* FYUUANAADINUINY, FTUUNUITUIANT, F8UL
N1333133, 5¥UY Operating System 1u
FemNieas, ganilindu/uis, A[nauas/
“@ 211173, SEUURARTADYR, FeUUINIAWY LAY
UG NUN




Queuing System

Arrival Rate = A Departure Rate = i

Customer — System - CUstome

1.a651n 7542/71/72/aa¢yﬂm Aa Arrival Rate
2.80510152an 1uavgnduia lasiusn15ia5ada Departure Rate
3. State wavssyyAav1uIugnA1Tag luseuy isausnis
N5ANIRIGNLUTNIT
4. 81520y TN I1TIAIT NITUTAITINATMARSTI1LNTaUNY
uaglnduniada 151813150 12752/uyy MarKov Chain agv1e5suy




Queuing System

Birth Rate

Death Rate

Arrival Rate = 1

Customer n—( System

Departure Rate = i

- CU/sTome

5. ans v 296381015121312 2980 A 53 229 Time Slot
uazyuininan1sai ilAadu luuaas Time Slot ,
3) TgnA1Iusizut iWazalvusnis (State vavseuyILWL)
usa b) Tgnd 1M lasuusn1sudraanarnszyy s/ (State 32aa)
usa c) IuTgna1 vy uasluiTgnarilusa1siasa (State AvIAY)
6. 371 Model Za 5 157321 Discrete Time Markov Chain
R\ 228508717872 av Time Slot dunrnaunsevisgnaIiid it niaaanl

~ A= Ty 2293379 Time Slot a1x 15T IGuAAuIdE 2
15132873150 Model sy lg1iu Simple MarKov Model




Queuing System

a1 4 < 1 5EULIEHINTA
2ig Equilibrium 1la
Birth Rate  p = %,' Server Utilization Death Rate

Arrival Rate = A Departure Rate = i

Customer — System - CUstomer




Queuing System
Simple MarKov Model

Birth Rate

A<u

Death Rate

Arrival Rate = 1

Customer n—

Departure Rate = u

- C1/sTome

Detailed Balance Equation: p;P;; = p;P;j;
g mmsiaav State i, | Magdanilng



Queuing System
Simple MarKov Model

P.. = 1:P::
Birth Rate Pty = Pi%ji Death Rate
<y
Arrival Rate = A Departure Rate = u
Customer — System - CUsToMe

By B, B, I b, .

tudiiis1aeWarsai1nsal
1. dignAuaazs1ei2u1 Iuseyyuyy Random
uaziily Poisson Process
2. nar1lunistiusnirsuvavgnaruaasse 1y Random
Tn15n52318 811 Exponential




Queuing System
Simple MarKov Model

P:: = D:P::
Birth Rate bi /l{ (p] /t Death Rate
7,
Arrival Rate = A Departure Rate = u
Customer —) System - CUsToMe
Arrival: 1. Probability #azfgna k auizu1luzav T Turif
(AT)ke’lT
Plk]l = P|X =k| = ol k=0,1,2, ..

172 A ifluanadaruIrugnar it 1u1 aafuri
2. A1 Inter-arrival Time, T 3&TA15ATE LU
Exponential #2&auada 1/,
P[T<t]=1-—2Ae™#*




Queuing System
Simple MarKov Model

piPij = pjPji

Birth Rate 1 < 1 Death Rate
Arrival Rate = A Departure Rate = u
Customer —) System - CUsToMe

Departure: 1. t?ﬂ?tﬂﬁ'ﬂﬁ'@ﬂﬂ”? 12/u5n 15 = T4(Service Time)
328N 157N 72318812 Exponential
Probability ¥gaa13 ?ﬂt?ﬂ?ﬂfﬂ?i UaunIng

ALt P[T < t] = 1—T—e ‘I

2. Departu re Rate Aaahs1ignAraanainseyy
uia lasiusn15iaia(aasn 752’24”1/%7 1TUNGNA"

”__

S




Queuing System Case 1I:
Unlimited Server; No Queue

Bo

Arrival Rate = 1

Customer n—)

Departure Rate = i

System - C1/sTomer

1. gamizau «u Random @35/3”@574@5):/ A UASTINITATEAEULLY Poisson
2. AuyAI Customer uaAsAuIIZIN la5un15 Service 31AsEuuviuv (seuui
Server 31uIuluia uassy Customer laluaisia)
3. a1l Tuns Service 1ilu 1ilu Exponential @438 1U2d T,

4.
5.

SEUUFINITAIY Customer laluTiAin
anANZIu laviazau uasaaniasai
6.  sEuvizan M/M/oo



Queuing System Case 1I:
Unlimited Server; No Queue

/1<,u

PIT >t]=e"";T =}/
[T21) =Y

Ae™ _P e’
P[k] = =4
Arrival Rate = 1
Customer —() System

Departure Rate = i

- CU/s fomer

1. &uydI1 Customer uaasauiizunuily Poisson uag lazunis Service 31A5< S22 9iU
2. vanilylunis Service 1ilu Random auydInilu Exponential aeiIa1ade T,
3. SUVAIN5OIY Customer laladarAia uaiziu laviasau uasaaniasau
4. cyyidisen M/IM/o uaa laaae S/mp/e Markov Model
LTI INITANG Y ?mmv State Probab///zj/ 2N 1TATEELL PoiSson




Queuing System Case 2: Lost Sys
Limited Server=N; No Queue

Ae™
k!

P[k] =

PIT >t]=e"";T =}/
[T 21) =Y

Arrival Rate = 1

Customer n—)

System, N Server

Departure Rate = i

> CU/stomer

1. &uydI1 Customer uaasauiizunuily Poisson uag lazunis Service 31A5< U170
2. vanilylunis Service 1ilu Random &I U Exponent/a/ AIEIANARE T,
3. sewudsasy Customer la'N aamn Server iy g3y Customer Ivai'lala” (Lgst)
4. cyyilisen M/M/N/N uaavlaae N-state Simple Markov Model
State Probability 3£in 75/‘75&’5) 7£/uz/1/ First Erlang (Erlang B) Distribution




Queuing System Case 3: Delay Sys
Limited Server=N; With Unlimited Que

. N ﬂ/(ﬂ

%po;nggN N [ 1
re’ px:%NN. 1Y% ' Po= NI(N - )+ F /T
PIk =" N Wj o x= N p) K] prragaetiT = Y/
Arrival Rate = 2 Departure Rate = i

Customer -  S\yStem, N Server sl Customer

1. auyaI1 Customer UAASA usmizaunily Poisson uaslasunis Service AU ViU
2. 1a1ilelunis Service 1ilu Random aueinilu Exponential @e12a Uade T,
3. ssyyaiusasy Customer laluaidia uaas Service lagoga N wiaugsAu
4. amn Server wgx Customer tuuagaavsalu Queue lunsaliiazifia Queuing Dexay
5. yuiisan M/M/N wsa M/M/N/eo uaav laaaa Simple Markov Model
o Probability aziini1saseareuiy Second Erlang (Erlang C) Distribution




Queuing System Case 3: Delay Sys
Server=1; With Unlimited Queue; M/M
A<u

-1
po{iﬂ} =1-p

e~ (1-p)
P k = X P 2 — —t/TS ; T —
[k] k! p.=p 1-p) [F=t]=e i }/
Arrival Rate = A Departure Rate = i

Customer -  S\yStem, 1 Server i Customer

1. auyaI1 Customer UAASA usmizaunily Poisson uaslasunis Service AU ViU
2. a1ty Tunis Service tifu Random auxdinilu Exponential a3£4Iauade T,
3. ssyyaiusasy Customer laluaidia uaas Service lansvasaiu
4. amn Server wgx Customer tuuagaavsalu Queue lunsaliiazifia Queuing DeXay
5. yuidisan M/M/1 viga M/M/1/c0 uaav laaiea Simple Markov Model
o Probability aziini1saseareuiy Second Erlang (Erlang C) Distribution




- Service Ra
=u=1/T:

customer

!
!
!
!
Arrival Rate = 1 |
!
|

Customer n—( Queue(FIFO)

M/M/N :
Queuing System Servers

f@‘




M/M/1: Summary

u=1/Ts

-

Arrival = Poisson, A
Inter Arrival Time = Exponential, 1/
Service Rate, u
Service Time, Ts (1/1) = Exponential

Queue = FIFO
1 Server




Queuing Model(1 Server);
M/M/1

Queue = 0, No Delay e Queue = Delay

Server 39 Server Busy

1/Ts = service rate

arrival rate For each server
4D\
_/

A wu=1/T,

"\

A@‘

\




msauves M/M/1

State = 0
r— mm=  No Q Delay
" ‘ " Queue Empty
State =1
Delay
State = x; Queue = infinity customer Wart in Q
State = x; x = Q+1
(I
‘ . Severe Delay
Queue Overflow (Full

syl Queue J2u1a317H = Q Congestion

Packet Lost




L3eauLnay Queuing Model
(N Server) M/M/N

Queuve = 0, No Delay Queue = Delay
ofofSoots
\/\ ....... Qv ....... ..............
Server 319 I/ Server Busy N Sqarver Busy

1 Server Busy

1/h = service rate

A/h=arrival rate For each server

/Maxil;wm Service Rate
=N/h

Service Rate at State
k = k/h

OO0




=
N
=
N
Z

State <N
— No Delay
Queuve Empty
State >= N
Delay
customer Wart in Q

Limited Q

Severe Delay

] Queue Overflow (Full
Congestion

H
|
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Network Model using

uaae Router (Zausmaduaie Logical Link (ge

4@‘ &@dfiaua73 Transmitter dudeslunisavzayasiiu Link
AN



Network Model (M/M/1)

[]

O O O = =
= = =

AUNAI1ADNNIA25ViIAaAL Router
FAVAITAVUAYRAVAU AINLEUNIITIAIEURA




Network Model (M/M/1)

L j— ——

=T
~@ 77 Output zav Router #7275 Model Tag 72/ MIM/1

\



Network Model (M/M/1)

[ [ R [ = =
= = =l

_aus1liya Model tilu M/M/1
duily Delay asiilunasinnay Delay uaasau




Kendal Notation

;

| =1 [ dli. = d:' et s [ e :%I
David Kendall' 14Aan13 1¥i3aiiiaazad1195200 Queuing 443901114 1111131199 Kendal Notation 1145 1/utitidi a7

A/'Blc/K/ImlZ

Tae

A %1311894 Interarrival Time Distribution

B 1Elﬁd Service Time Distribution

C WIPDIIIUIUVBS Server

K 131889 System Capacity %139 §1431UU84 Customer qdq@ﬁﬂmﬂﬁﬁiu J211l
m MINend NUIUUDS Population 138 Source

==
Z ¥11804 Queue Discipline




Kendal Notation

=y =i s LI 1 i i = =g A =t LI o
Un@Atiseineg 1131 Short Notation nd1dfa A /B /¢ Tagausfdliin2118139849 Queue 11 1id11a
(K = o0), 9147184 Source f]mumth'ﬁ]ﬁ’ﬂ(m = o0 ) 1Az Queue Discipline 113 FCFS(First-come first-serve) 130

FIFO(First-in first-out)

Distribution ﬁ1’ﬁuA wa=B an

G/ General Independent Interarrival Time
G General Service Time
H i k-stage Hyperexponential Interarrival 138 Service Time Distribution
E Erlane-k Interarrival ‘I’i?'ﬂ Service Time Distribution
ll';" (-
M Exponential Interarrival 139 Service Time Distribution
D Deterministic(Constant) Interarrival %130 Service Time Distribution

- - . : 21 . , T
[ Uniform Interarrival ¥38 Service Time Distribution




Kendal Notation

AUV Queue Discipline ﬁﬁEJMLlﬁuﬁ
FCFS 130 FIFO  First-come first-serve 3 ® First-in first-out
LCFS 138 LIFO Last-Come First-Serve #1538 Last-in first-out
RSS 1139 SIRO Random selection for service ¥39 Service-in-random order

PRI Priority Service




Next Week

* M/M/1 Analysis and Examples
* HW 5 Due

A@‘
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